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Abstract
By using basic KKM theorem, a new matching theorem and some minimax inequalities for set-valued
mappings defined on the FC-spaces are proved under very weak assumptions. These results generalized
many known results from the recent literature.
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1. Introduction
The famous KKM theorem [1] and its generalizations are of fundamental importance in
modern nonlinear analysis. Later many authors have studied lots of KKM theorems and their
equivalent forms and discussed the properties of corresponding KKM mapping. In 1983, Hov-
ath [2], replacing convex hulls by contract subsets, gave a purely topological version of the KKM
theorem. Motived by the work of Hovath, in 1996, Ding [3] introduced H -space and studied gen-
eralized H -KKM mapping. In 1997, Tan [4] studied a class generalized G-KKM mapping from
a nonempty set X to a G-convex space and gave some new generalized G-KKM theorems and
their applications to minimax inequalities and saddle point problems. After this, Chang and Yen
[5] made a systematic study of the class KKM(X,Y ). In [6], Lin, Ko, and Park further extended
the result of Chang and Yen by introducing the concepts of generalized G-KKM mapping with
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space. In terms of the various versions of KKM theorem, in 1989, Park [8] introduced the con-
cept of generalized KKM mapping obtaining thus generalized KKM theorems and generalized
matching theorems. In [9], he further studied the equivalence among KKM theorem, matching
theorem, coincidence theorem and minimax inequality involving the upper semicontinuous map-
pings. In 1999, Verma [10] was first to obtain an intersection theorem involving R-KKM mapping
in G-H -space.
From contractible subsets to H -space, H -space to G-convex space, it is, indeed, a processing
that the linear structure and the convex structure of the space have being weakened. Recently,
Ding [11] introduced FC-space which extended G-convex space further and proved the cor-
responding KKM theorem. From this, many new KKM type theorems and applications were
founded in FC-spaces (see [11–17]).
In this paper, by introducing W -G-F -KKM mapping with respect to T which extends the cor-
responding notion of Ding in [13], we will prove a new matching theorem and some intersection
theorems in noncompact FC-spaces and study some properties of KKM mappings. As applica-
tions, some new minimax inequalities are established. The results presented in this paper extend
some corresponding known results in the literature.
2. Preliminaries
For a nonempty set X, 2X denotes the class of all nonempty subsets of X and 〈X〉 denotes
the class of all nonempty finite subsets of X. For simplicity, in the paper, {e0, . . . , en} denotes
canonical orthogonal base of Euclid space Rn+1, for each A ∈ 〈X〉, let A = {x0, . . . , xn} ∈ 〈X〉,
B = {xi0, . . . , xik } ∈ 〈A〉, Δn denotes the standard n-dimensional simplex co({e0, . . . , en}) with
respect to A, cardA = n + 1, ΔB denotes the convex hull of {ei0, . . . , eik } with respect to B =
{xi0, . . . , xik }.
If X and Y are topological spaces, a mapping T :X → 2Y is said to be:
(i) upper semicontinuous (u.s.c.) if the set {x ∈ X: T (x) ∩ F = ∅} is closed in X, for each
closed subset F of Y ;
(ii) lower semicontinuous (l.s.c.) if the set {x ∈ X: T (x) ∩ V = ∅} is open in X, for each open
subset V of Y .
The above statements are obviously equivalent to the following statements:
(i′) upper semicontinuous (u.s.c.) if the set {x ∈ X: T (x) ⊂ V is open in X, for each open subset
V of Y ;
(ii′) lower semicontinuous (l.s.c.) if the set {x ∈ X: T (x) ⊂ F } is closed in X, for each closed
subset V of Y .
The following definition was introduced by Ding in [11].
Definition 2.1. (X,ϕA) is said to be a finitely continuous space (for short, FC-space) if X is a
topological space and for each A ∈ 〈X〉 where some elements may be the same, there exists a
continuous mapping ϕA :Δn → X. A subset D of (X,ϕA) is said to be FC-subspace of X, this
means that for each A ∈ 〈X〉, each B ∈ A∩D, then ϕA(ΔB) ⊂ D.
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ϕP is one of the given mappings collective {ϕA}A∈〈X〉. In fact, for any P ∈ 〈D〉, then P ∈ 〈X〉,
thus, there exists a continuous mapping ϕP :Δp → X, where p = cardP . Since D is an FC-sub-
space of X, P ⊂ P ∩D, so ϕP (Δp) ⊂ D, i.e., ϕP is a mapping from Δp to D for any P ∈ 〈D〉.
For the convenience to contrast, we list the following notion introduced in [13] by Ding which
was a generalization of the corresponding notion of Chang and Yen in [5].
Definition 2.2. Let (X,ϕA) be an FC-space, Y a nonempty set and T ,S :X → 2Y two mappings.
We say that S is a generalized KKM mapping with respect to T if for each A ∈ 〈X〉, each B ∈ 〈A〉,
T (ϕA(ΔB)) ⊂ S(B). If Y is a topological space, T :X → 2Y is said to have the F -KKM property
if for any mapping S :X → 2Y generalized KKM with respect to T , the family {S(z): z ∈ X} has
finite intersection property.
Definition 2.3. Let (X,ϕA) be an FC-space, Y a nonempty set and T ,S :X → 2Y two mappings.
We say that S is weakly generalized F -KKM mapping with respect to T (for short, W -G-F -
KKM mapping with respect to T ) if for each A ∈ 〈X〉, each B ∈ A, for any x ∈ ϕA(ΔB), T (x)∩
S(B) = ∅.
Remark 2.2. Obviously, each generalized KKM mapping with respect to T is W -G-F -KKM
mapping with respect to T , and therefore, this notion extends Definition 2.2 of Ding.
Definition 2.4. Let (X,ϕA) be an FC-space, Y a nonempty subset and S :Y → 2X . Then S is
a generalized F -KKM mapping if for each finite subset A˜ = {y0, . . . , yn} of Y , there exists a finite
subset A = {x0, . . . , xn} of X such that for any subset B = {xi0, . . . , xik } of A,
ϕA
(
co{ei0, . . . , eik }
)⊂ k⋃
j=0
S(yij ).
Remark 2.3. The difference of Definitions 2.2 and 2.4 lies in: (1) in Definition 2.2, S is respect
to T , (2) in Definition 2.2, S is a mapping from FC-space to a nonempty set, but Definition 2.4
is inverse.
Definition 2.5. Let (X,ϕA) be an FC-space, Y a nonempty set and β ∈ R. We say that a function
f :X × Y → R ∪ {−∞,+∞} is F -β-quasi-convex on X if for each λ < β and any y ∈ Y ,
A ∈ 〈{x ∈ X: f (x, y) < λ}〉, B ∈ 〈A〉, then ϕA(ΔB) ⊂ {x ∈ X: f (x, y) < λ}.
Definition 2.6. Let (X,ϕA) be an FC-space, Y a nonempty subset f :X×Y → R ∪ {−∞,+∞}
and g :Y ×X → R ∪ {−∞,+∞}. Then for γ ∈ R:
(1) f is γ -generalized F -quasi-convex (respectively γ -generalized F -quasi-concave) in the sec-
ond variable y if for each finite subset A˜ = {y0, . . . , yn} of Y , there exists a subset A =
{x0, . . . , xn} of X such that for any subset B = {xi0, . . . , xik } of {x0, . . . , xn} and any x0 ∈
ϕA(co{ei0, . . . , eik }), γ max0jk f (x0, yij ) (respectively γ max0jk f (x0, yij ).
(2) g is γ -generalized F -quasi-convex (respectively γ -generalized F -quasi-concave) in the first
variable y if the function h :X × Y → R ∪ {−∞,+∞}, defined by h(w, z) = g(z,w) for
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concave) in the second variable z.
Remark 2.4. The above F -KKM mapping, F -β-quasi-convex, γ -generalized F -quasi-convex
(respectively γ -generalized F -quasi-concave) function generalizes the corresponding notion on
G-convex space in [18] to FC-spaces.
3. KKM type theorems and intersection theorems
The following is the classical KKM theorem due to Knaster, Kuratowski and Mazurkiewicz
in [1].
Lemma 3.1. Let F0, . . . ,Fn be closed (or open) subsets of Δn such that co{ei0, . . . , eik } ⊂⋃k
j=0 Fij for any choice of 0 i0, . . . , ik  n. Then
⋂
Fni=0 = ∅.
Now we prove the following KKM type theorem and matching theorem in FC-spaces by using
the classical KKM theorem.
Theorem 3.1. Let (X,ϕA) be an FC-space, Y a nonempty set. If S :Y → 2X is a generalized
F -KKM mapping with closed (respectively open) values, then {S(x)}x∈X has finite intersection
property.
Proof. For any A˜ = {y0, . . . , yn} ∈ 〈Y 〉, by the definition of generalized F -KKM mappings, there
exists A = {x0, . . . , xn} ∈ 〈X〉 such that for any B = {xi0, . . . , xik },
ϕA
(
co
{
ei0, . . . , eik ⊂
k⋃
j=0
S(yij )
})
holds.
Therefore
co{ei0, . . . , eik } ⊂
k⋃
j=0
ϕ−1A S(yij ).
Since ϕ−1A S(yij ) is closed (respectively open) in the compact set Δn. Applying the KKM princi-
ple, we have
n⋂
i=0
ϕ−1A S(yi) = ∅
which implies
⋂n
i=0 S(yi) = ∅. This completes the proof. 
Remark 3.1. If X is G-convex space, the conclusion goes back to Theorem 2.2 of Tan in [18].
The following matching theorem plays a fundamental role in our paper.
Theorem 3.2. Let (X,ϕA) be an FC-space, A = {x0, . . . , xn} ∈ 〈X〉 and {Mx : x ∈ A} an open or
closed cover of X. Then there exists a nonempty B of A such that ϕA(ΔB)∩⋂{Mx : x ∈ B} = ∅.
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Δn = co({e0, . . . , en}). For each z ∈ ΔA, let I (z) = {i: ϕA(z) ∈ Mxi }, it is easy to know I (z) = ∅.
Define T :ΔA → ΔA as: ∀z ∈ ΔA, T z is the convex hull of {ei : i ∈ I (z)}. For each z ∈ ΔA,⋃{Mxi : i /∈ I (z)} is closed, so Uz = ΔA \ ϕ−1A (⋃{Mxi : i /∈ I (z)}) is the open neighborhood
of z. If z′ ∈ Uz, then z′ /∈ ϕ−1A (
⋃{Mxi : i /∈ I (z)}), i.e., ϕA(z′) /∈ ⋃{Mxi : i /∈ I (z)}. Hence, if
i /∈ I (z), then ϕA(z′) /∈ Mxi , thus, i /∈ I (z′), therefore I (z′) ⊂ I (z). By the definition of T (z), we
have T (z′) ⊂ T (z). It follows that T is u.s.c. since for any z ∈ ΔA, there exists a neighborhood Uz
of z such that for any z′ ∈ Uz, T (z′) ⊂ T (z). Now, for all z ∈ ΔA, still by the definition of T , T (z)
is the nonempty compact convex set of ΔA, applying Kakutani fixed point theorem, there exists
z0 ∈ ΔA such that z0 ∈ T (z0). Denote B = {xi : i ∈ I (z0)}. Since T (z0) = co{ei : i ∈ I (z0)},
we have z0 ∈ co{ei : i ∈ I (z0)}, i.e., z0 ∈ ΔB . By the definition of I (z0), for each i ∈ I (z0),
ϕA(z0) ∈ Mxi , hence ϕA(z0) ∈
⋂
i∈I (z0) Mxi =
⋂{Mx : x ∈ B}. Therefore, when {Mz: z ∈ A} is
a closed cover of X, we have ϕA(ΔB)∩⋂{Mz: z ∈ B} = ∅ for some B ∈ 〈A〉.
Next we prove the case that {Mx : x ∈ A} is an open cover. For each x ∈ A, let F(x) = X \Mx .
Suppose that the conclusion is false. Then for every subset B = {xi0, . . . , xik } ∈ 〈A〉, we have
ϕA
(
co{ei0, . . . , eik }
)⊂ X ∖⋂{Mx : x ∈ B} = k⋃
j=0
F(xij ).
That is co{ei0, . . . , eik } ⊂
⋃k
j=0 ϕ
−1
A F(xij ). Therefore, by the KKM principle, we have
n⋂
i=0
ϕ−1A F(xi) = ∅
which implies
⋂n
i=0 F(xi) = ∅, so
⋃{Mx : x ∈ A} = X, this is a contradiction and the proof is
complete. 
Applying the above matching theorem, we give the following intersection theorems.
Theorem 3.3. Let (X,ϕA) be a compact FC-space, Y a nonempty set, T ,S :X → 2Y two map-
pings satisfying the following conditions:
(i) S is W -G-F -KKM mapping with respect to T ;
(ii) for each z ∈ X the set {x ∈ X: T (x)∩ S(z) = ∅} is closed.
Then there exists x0 ∈ X such that T (x0)∩ S(z) = ∅ for each z ∈ X.
Proof. For each z ∈ X, denote
Mz =
{
x ∈ X: T (x)∩ S(z) = ∅}.
Suppose the conclusion does not hold, by (ii), the family {Mz: z ∈ X} is an open cover of X;
since X is compact, there is a set A ∈ 〈X〉 such that ⋃{Mz: z ∈ A} = X. By Theorem 3.2, there
exists a nonempty subset B of A and a point
x0 ∈ ϕA(ΔB)∩
⋂
{Mz: z ∈ B}.
Since S is W -G-F -KKM mapping with respect to T , x0 ∈ ϕA(ΔB), we get T (x0) ∩ S(B) = ∅.
On the other hand, x0 ∈⋂{Mz: z ∈ B}, we have T (x0)∩ S(z) = ∅ for each z ∈ B , thus, T (x0)∩
S(B) = ∅. The obtained contradiction completes the proof. 
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T ,S :X → 2Y two mappings satisfying the following conditions:
(i) S is W -G-F -KKM mapping with respect to T ;
(ii) T is upper semicontinuous and S has closed values.
Then there exists x0 ∈ X such that T (x0)∩ S(z) = ∅ for each z ∈ X.
Proof. For any z ∈ X, S(z) is closed, it follows that the set {x ∈ X: T (x) ∩ S(z) = ∅} is closed
since T is upper semicontinuous. Conclusion holds by Theorem 3.3. 
Theorem 3.5. Let (X,ϕA) be an FC-space, and ϕA(Δn) an FC-subspace for each A ∈ 〈X〉, Y be
a nonempty set. T ,S :X → 2Y are two mappings satisfying the following conditions:
(i) S is W -G-F -KKM mapping with respect to T ;
(ii) the sets {x ∈ X: T (x)∩ S(z) = ∅} are either all closed or all open, for all z ∈ X.
Then for each A ∈ 〈X〉 there exists a point x0 ∈ ϕA(Δn) such that T (x0) ∩ S(z) = ∅ for each
z ∈ ϕA(Δn).
Proof. For P ∈ 〈ϕA(Δn)〉, (ϕA(Δn),ϕP ) is an FC-space and compact since Δn is compact
and ϕA continuous. Therefore, we need only to prove that S|ϕA(Δn) is W -G-F -KKM map-
ping with respect to T |ϕA(Δn) then conclusion holds by repeating the proof of Theorem 3.3.
In fact, ∀P ∈ ϕA(Δn), ∀Q ∈ 〈P 〉, ∀x ∈ ϕP (ΔQ), obviously, x ∈ ϕA(Δn); again, Q ∈ 〈P 〉, then
Q ∈ ϕA(Δn) ⊂ X. Therefore, for any Q ∈ 〈P 〉 and any x ∈ ϕP (ΔQ), we have
T |ϕA(Δn)(x)∩ S|ϕA(Δn)(Q) = T (x)∩ S(Q) = ∅,
i.e., S|ϕA(Δn) is W -G-F -KKM mapping with respect to T |ϕA(Δn). 
Theorem 3.6. Let (X,ϕA) be an FC-space, and ϕA(Δn) be an FC-subspace for each A ∈ 〈X〉,
Y is a nonempty topological space, T ,S :X → 2Y are two mappings satisfying the following
conditions:
(i) S is W -G-F -KKM mapping with respect to T ;
(ii) either T is upper semicontinuous and S is closed-valued or T is lower semicontinuous and
S is open-valued.
Then for each A ∈ 〈X〉 there exists a point x0 ∈ ϕA(Δn) such that T (x0) ∩ S(z) = ∅ for each
z ∈ ϕA(Δn).
Proof. Applying Theorem 3.5, the proof is similar to Theorem 3.4. 
The following proposition shows the relation of generalized F -KKM mapping and γ -
generalized F -quasi-convex (respectively γ -generalized F -quasi-concave).
Proposition 3.1. Let (X,ϕA) be an FC-space, Y a nonempty set, γ ∈ R and f :X × Y → R ∪
{−∞,+∞}. Then the following are equivalent:
G.-S. Tang et al. / J. Math. Anal. Appl. 334 (2007) 1481–1491 1487(1) the mapping S :Y → 2X , defined by S(y) = {x ∈ X: f (x, y)  γ } (respectively S(y) =
{x ∈ X: f (x, y) γ }) for all y ∈ Y , is a generalized F -KKM mapping;
(2) f is γ -generalized F -quasi-concave (respectively γ -generalized F -quasi-convex) in the sec-
ond variable y.
Proof. (1) ⇒ (2). For any finite subset A˜ = {y0, . . . , yn} of Y , there exists A = {x0, . . . , xn} ⊂ X,
ϕA(co{ei0, . . . , eik }) ⊂
⋃k
j=0 S(yij ) such that for any z0 ∈ ϕA(co{ei0, . . . , eik }), we have z0 ∈⋃k
j=0 S(yij ). It follows that z0 ∈ S(yim) for some 0m k and hence f (z0, yim) γ (respecti-
vely f (z0, yim) γ ). Hence min0jk f (z0, yim) γ (respectively max0jk f (z0, yim) γ )
so that f is γ -generalized F -quasi-concave (respectively γ -generalized F -quasi-convex) in the
second variable y.
(2) ⇒ (1). Since f is γ -generalized F -quasi-concave (respectively γ -generalized F -quasi-
convex) in the second variable y, for any finite subset A˜ = {y0, . . . , yn} of Y , there ex-
ists A = {x0, . . . , xn} ⊂ X, for any subset B = {xi0, . . . , xik } of A such that for any z0 ∈
ϕA(co{ei0, . . . , eik }), min0jk f (z0, yij )  γ (respectively max0jk f (z0, yij )  γ ). It fol-
lows that for some m ∈ {0, . . . , k}, z0 ∈ S(yim) ⊂
⋃k
j=0 S(yij ). Hence
ϕA
(
co{ei0, . . . , eik }
)⊂ k⋃
j=0
S(yij )
so that S is a generalized F -KKM mapping. 
4. Applications to minimax inequalities
In the next theorem, as in the other minimax theorems established, we shall suppose
infx supy f (x, y) > −∞. As to the case infx supy f (x, y) = −∞, all these results remain true
evidently.
Theorem 4.1. Let (X,ϕA) be a compact FC-space, Y a topological space. Let T :X → 2Y be a
u.s.c. mapping, f,g :X × Y → R be two functions and β = infx∈X supy∈T (x) f (x, y). Suppose
that:
(i) for each z ∈ X, g(z, ·) is u.s.c. on Y ;
(ii) for any λ < β , y ∈ T (x), if for each A ∈ 〈X〉 and B ∈ 〈A ∩ {x ∈ X: g(x, y) < λ}〉 one has
ϕA(ΔB) ⊂ {x ∈ X: f (x, y) < λ}.
Then the following statements hold:
(1) infx∈X supy∈T (x) f (x, y) supx∈X infz∈X supy∈T (x) g(z, y).
(2) Moreover, if T is compact-valued, then there exists x0 ∈ X such that
inf
x∈X supy∈T (x)
f (x, y) inf
z∈X supy∈T (x0)
g(z, y).
Proof. Let λ < β be fixed and define S :X → 2Y by
S(z) = {y ∈ Y : g(z, y) λ}, z ∈ X.
1488 G.-S. Tang et al. / J. Math. Anal. Appl. 334 (2007) 1481–1491By (i), S(z) is closed for each z ∈ X. We show that S is W -G-F -KKM mapping with respect
to T . Suppose, on the contrary, that there exist A ∈ 〈X〉, B ∈ 〈A〉 and x¯ ∈ ϕA(ΔB) such that
T (x¯)∩ S(B) = ∅. Then for each y ∈ T (x¯), B ⊂ {z ∈ X: g(z, y) < λ}, hence,
B ∈ 〈A∩ {x ∈ X: g(x, y) < λ}〉.
Consequently, by (2),
x¯ ∈ ϕA(ΔB) ⊂
{
x ∈ X: f (x, y) < λ}
for all y ∈ T (x¯).
Hence supy∈T (x¯) f (x¯, y) λ, which contradicts λ < β .
By Theorem 3.4, there exists a point x0 ∈ X such that T (x0)∩ S(z) = ∅ for all z ∈ X. Hence,
we have that λ < infz∈X supy∈T (x0) g(z, y), and thereby
λ sup
x∈X
inf
z∈X supy∈T (x)
g(z, y),
we proved part (1).
Further, if T (x) is compact for all X ∈ X, then x → infz∈X supy∈T (x) g(z, y) is u.s.c. on X
because T is u.s.c. on X and g(·, y) is u.s.c. on Y (see [23, Proposition 3.1.21]). Since X is
compact there exists x0 ∈ X such that
inf
z∈X supy∈T (x0)
g(z, y) = sup
x∈X
inf
z∈X supy∈T (x)
g(z, y).
Therefore, part (2) follows part (1). 
Corollary 4.1. Let (X,ϕA) be a compact FC-space, Y a topological space. Let T :X → 2Y be
a u.s.c. mapping, f,g :X × Y → R be two functions and β = infx∈X supy∈T (x) f (x, y). Suppose
that:
(i) for each z ∈ X, g(z, ·) is u.s.c.. on Y ;
(ii) f (z, y) g(z, y) for all (z, y) ∈ X × T (X);
(iii) f |X×T (X) is F -β-quasi-convex on X.
Then the following statements hold:
(1) infx∈X supy∈T (x) f (x, y) supx∈X infz∈X supy∈T (x) g(z, y).
(2) Moreover, if T is compact-valued, then there exists x0 ∈ X such that
inf
x∈X supy∈T (x)
f (x, y) inf
z∈X supy∈T (x0)
g(z, y).
Proof. We need only to prove that (ii) and (iii) imply (ii) in Theorem 4.1. If λ < β , y ∈ T (x)
and A ∈ 〈X〉 and B ∈ 〈A∩ {x ∈ X: g(x, y) < λ}〉, then by (ii), B ∈ 〈A∩ {x ∈ X: f (x, y) < λ}〉,
by (iii), ϕA(ΔB) ⊂ {x ∈ X: f (x, y) < λ}.
When X = Y and T is an identity mapping, Theorem 4.1 and Corollary 4.1 become Fan’s
minimax inequality [19]. If X,Y are convex subsets of topological vector space, our results
reduce to corresponding minimax inequalities of Ha [20], Liu [21]. If X is a G-convex space,
our results go back to minimax inequalities of Kim [22]. 
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logical space. Let T :X → 2Y be an l.s.c. mapping, f,g :X × Y → R be two functions and
β = infx∈X supy∈T (x) f (x, y). Suppose that:
(i) for each x ∈ X, g(x, ·) is l.s.c. on Y ;
(ii) for any λ < β , y ∈ T (x) and if for each A ∈ 〈X〉 and B ∈ 〈A ∩ {x ∈ X: g(x, y) < λ}〉 one
has ϕA(ΔB) ⊂ {x ∈ X: f (x, y) < λ}.
Then the following statements hold:
inf
x∈X supy∈T (x)
f (x, y) inf
A∈〈X〉 supx∈ϕA(Δn)
min
z∈ϕA(Δn)
sup
y∈T (x)
g(z, y).
Proof. Let λ < β be fixed and define S :X → 2Y by
S(z) = {y ∈ Y : g(z, y) > λ}, z ∈ X.
By (i), S(x) is open for each x ∈ X. We show that S is W -G-F -KKM with respect to T . Suppose,
on the contrary, that there exist A ∈ 〈X〉 and x¯ ∈ ϕA(ΔB) such that T (x¯) ∩ S(B) = ∅. Then for
each y ∈ T (x¯), B ⊂ {x ∈ X: g(x, y) λ}. Hence, B ∈ 〈A ∩ {x ∈ X: g(x, y) < λ}〉. By (ii), for
all y ∈ T (x¯)
x¯ ∈ ϕA(ΔB) ⊂
{
x ∈ X: f (x, y) λ}.
Therefore, supy∈T (x¯) f (x¯, y) λ, which contradicts λ < β .
By Theorem 3.6, for each A ∈ 〈X〉 there exists a point xA ∈ ϕA(Δn) such that T (xA) ∩
S(z) = ∅ for all z ∈ ϕA(Δn). Consequently, minz∈A supy∈T (xA) g(z, y) > λ, whence
sup
x∈ϕA(ΔA)
min
z∈ϕA(Δn)
sup
y∈T (x)
g(z, y) > λ
for all A ∈ 〈X〉 and the proof of the theorem is complete. 
Corollary 4.2. Let (X,ϕN) be an FC-space and ϕA(Δn) is an FC-subspace, Y is a topo-
logical space. Let T :X → 2Y be an l.s.c. mapping, f,g :X × Y → R be two functions and
β = infx∈X supy∈T (x) f (x, y). Suppose that:
(i) for each x ∈ X, g(x, ·) is l.s.c. on Y ;
(ii) f (z, y) g(z, y) for all (z, y) ∈ X × T (X);
(iii) f |X×T (X) is F -β-quasi-convex on X.
Then the following statements hold:
inf
x∈X supy∈T (x)
f (x, y) inf
A∈〈X〉 supx∈ϕA(Δn)
min
z∈ϕA(Δn)
sup
y∈T (x)
g(z, y).
Proof. Similar to Corollary 4.1. 
Theorem 4.3. Let (X,ϕA) be an FC-space and ϕA(Δn) is an FC-subspace, Y is a topo-
logical space. Let T :X → 2Y be a u.s.c. mapping, f,g :X × Y → R be two functions and
β = infx∈X supy∈T (x) f (x, y). Suppose that:
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(ii) for any λ < β , y ∈ T (x) and if for each A ∈ 〈X〉 and B ∈ 〈A ∩ {x ∈ X: g(x, y) < λ}〉 one
has ϕA(ΔB) ⊂ {x ∈ X: f (x, y) < λ}.
Then
inf
x∈X supy∈T (x)
f (x, y) inf
A∈〈X〉 supx∈ϕA(Δn)
min
z∈ϕA(Δn)
sup
y∈T (x)
g(z, y).
Proof. Repeat the proof of Theorem 4.2. 
Corollary 4.3. Let (X,ϕA) be an FC-space and ϕA(Δn) a FC-subspace, Y is a topologi-
cal space. Let T :X → 2Y be a u.s.c. mapping, f,g :X × Y → R be two functions and
β = infx∈X supy∈T (x) f (x, y). Suppose that:
(i) for each x ∈ X, g(x, ·) is u.s.c. on Y ;
(ii) f (z, y) g(z, y) for all (z, y) ∈ X × T (X);
(iii) f |X×T (X) is F -β-quasi-convex on X.
Then
inf
x∈X supy∈T (x)
f (x, y) inf
A∈〈X〉 supx∈ϕA(Δn)
min
z∈ϕA(Δn)
sup
y∈T (x)
g(z, y).
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